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Abstract
Let A, B be two unital C∗-algebras, and let q := k(n − 1)/(n − k) for given integers k,n with
2  k  n − 1. Consider an almost unital approximately linear mapping h :A→ B. We prove that
h is a homomorphism when h(q−j xu) = h(x)h(q−j u) for all x ∈ A, all unitaries u ∈ A, and all
sufficiently large integers j . Moreover, when A has real rank zero, we give conditions in order for h
to be a ∗-homomorphism. Furthermore, we investigate the Cauchy–Rassias stability of the Trif func-
tional equation associated with ∗-homomorphisms between unital C∗-algebras and ∗-derivations of
a unital C∗-algebra.
 2004 Elsevier Inc. All rights reserved.
Keywords: Cauchy–Rassias stability; Trif functional equation; C∗-algebra; Real rank zero; ∗-homomorphism;
∗-derivation
1. Introduction
S.M. Ulam [11] raised the following problem concerning the stability of homomor-
phisms: “Give conditions in order for a linear mapping near an approximately linear
mapping to exist.” The following theorem which is called the Cauchy–Rassias stability
is a generalized solution to this problem.
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such that f (tx) is continuous in t ∈ R for each fixed x ∈ E1. Assume that there exist
constants θ  0 and p  0 with p = 1 such that∥∥f (x + y)− f (x)− f (y)∥∥ θ(‖x‖p + ‖y‖p)
for all x, y ∈ E1. Then there exists a unique R-linear mapping T :E1 → E2 satisfying∥∥f (x) − T (x)∥∥ 2θ|2p − 2|‖x‖p for all x ∈ E1.
The above Cauchy–Rassias stability in real Banach spaces was obtained by D.H. Hyers
[5] for the case p = 0, by Th.M. Rassias [8] for the case p ∈ (0,1), and by Z. Gajda [2] for
the case p > 1. In particular, Th.M. Rassias and P. ˘Semrl [9] gave an example to show that
it does not occur for the case p = 1. The Cauchy–Rassias stability has been investigated
[3,4,7,10]. Especially, T. Trif [10] studied the Cauchy–Rassias stability of the Jensen type
functional equation deriving from an inequality of Popoviciu and obtained the following
result [10, Theorem 3.2] which is called the Cauchy–Rassias stability of the Trif functional
equation associated with a mapping from a real normed linear space to a real Banach space.
Theorem B. Let X and Y be a real normed linear space and a real Banach space,
respectively. For given integers k, n with 2  k  n − 1, let q := k(n − 1)/(n − k),
r := −1/(n − 1), and let ϕ :Xn → [0,∞) be a function such that
φ(x1, . . . , xn) :=
∞∑
j=0
qjϕ
(
q−j x1, . . . , q−j xn
)
< ∞
for all x1, . . . , xn ∈ X. If a mapping f :X → Y satisfies∥∥∥∥n
(
n − 2
k − 2
)
f
(
x1 + · · · + xn
n
)
+
(
n − 2
k − 1
) n∑
l=1
f (xl)
− k
∑
1l1<···<lkn
f
(
xl1 + · · · + xlk
k
)∥∥∥∥ ϕ(x1, . . . , xn)
for all x1, . . . , xn ∈ X, then there exists a unique additive mapping T :X → Y such that∥∥f (x) − f (0) − T (x)∥∥ 1(
n−2
k−1
)φ(x, rx, . . . , rx︸ ︷︷ ︸
n−1 times
) for all x ∈ X.
Furthermore, B.E. Johnson [6] studied approximately linear ∗-homomorphisms be-
tween Banach ∗-algebras and C. Park [7] studied the Cauchy–Rassias stability of mod-
ified Trif functional equations associated with homomorphisms in Banach module over
C∗-algebras. In fact, T. Trif obtained a similar result for q := k(n − 1)/(n − k), r :=
−k/(n − k) to Theorem B in [10, Theorem 3.1] and J. Hou and C. Park [4] applied this
Trif’s result to ∗-homomorphisms between unital C∗-algebras and so obtained the Cauchy–
Rassias stability of the Trif functional equation with an application to the Cauchy–Rassias
stability in C∗-algebras for the case p ∈ [0,1) such as Theorem A.
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unital C∗-algebras and to give conditions in order for h to be a ∗-homomorphism, using
ideas from the papers of T. Trif [10] and J. Hou and C. Park [4]. We also give conditions in
order for a ∗-homomorphism between C∗-algebras or a ∗-derivation of a C∗-algebra near
an approximately linear mapping to exist. In addition, we investigate the Cauchy–Rassias
stability of the Trif functional equation with an application to the Cauchy–Rassias stability
in C∗-algebras for the case p > 2 such as Theorem A.
Throughout this paper, let A be a unital C∗-algebra with unit e and B a unital
C∗-algebra. Let U(A) (respectivelyAsa) be the set of all unitary (respectively self-adjoint)
elements in A. We note that any element in a C∗-algebra is a finite linear combination
of unitary elements in A and so any x ∈ A is the form of x = ∑mi=1 λiui for λi ∈ C
and ui ∈ U(A). On the other hand, for given integers k, n with 2  k  n − 1, we let
q =: k(n − 1)/(n − k) and r := −1/(n − 1). In this paper, a mapping h :A→ B is called
an almost unital mapping when an element limj→∞ qjh(q−j e) in B is invertible.
In detail, we prove that every almost unital approximately linear mapping h :A→ B
is a homomorphism when h(q−j xu) = h(x)h(q−ju) for all x ∈ A, all u ∈ U(A), and
all sufficiently large integers j . We also prove that for a unital C∗-algebra A with
real rank zero, every almost unital approximately linear continuous mapping h :A → B
is a homomorphism when h(q−j xu) = h(x)h(q−ju) for all x ∈ A, all invertible self-
adjoint elements u ∈ A with ‖u‖ = 1, and all sufficiently large integers j . Furthermore,
we obtain the Cauchy–Rassias stability of the Trif functional equation associated with
∗-homomorphisms between unital C∗-algebras and ∗-derivations of a unital C∗-algebra.
As an application of our results, we obtain the Cauchy–Rassias stability for the case p > 2
such as Theorem A associated with ∗-homomorphisms between unital C∗-algebras and
∗-derivations of a unital C∗-algebra.
2. The Trif functional equation and ∗-homomorphisms
In this section, we deal with almost unital approximately linear mappings between unital
C∗-algebras and give conditions in order that they become ∗-homomorphisms.
For a given mapping h :A→ B and for any µ ∈ T1 where T1 := {λ ∈ C | |λ| = 1}, we
let Aµh deriving from the Trif functional equation be the following:
Aµh(x1, . . . , xn) := n
(
n − 2
k − 2
)
h
(
µx1 + · · · + µxn
n
)
+
(
n − 2
k − 1
) n∑
l=1
µh(xl) − k
∑
1l1<···<lkn
µh
(
xl1 + · · · + xlk
k
)
for all x1, . . . , xn ∈A.
At first, for the proof of our results, we need the following lemma which is contained in
the proof of [4, Theorem 1]. But here we give an elementary proof of it.
Lemma 2.1. If an additive mapping T :A→ B satisfies h(µx) = µh(x) for all µ ∈ T1,
then T is a C-linear mapping.
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an integer n and a real number α with 0 α < 1. Here, we note that α can be expressed by
α = µ1 + µ2 where µ1 := α/2 + i
√
1 − α2/4 and µ2 := α/2 − i
√
1 − α2/4 are elements
in T1. So, for all x ∈A we get
T (αx) = T (µ1x + µ2x) = µ1T (x)+ µ2T (x) = αT (x).
Since an additive mapping T satisfies T (0) = 0, we have T (−x) = −T (x) and T (nx) =
nT (x) for all x ∈A and all integers n. Thus, we obtain
T (ax) = T (nx) + T (αx) = nT (x) + αT (x) = aT (x)
for all real numbers a and all x ∈A. Consequently, we obtain
T (λx) = T (ax)+ iT (bx) = aT (x)+ ibT (x) = λT (x)
and so T (λx + ξy) = λT (x) + ξT (y) for all λ, ξ ∈ C and all x, y ∈A. 
Now, we consider a mapping h between unital C∗-algebras satisfying the Trif func-
tional equation and the following proposition gives conditions in order for h to be a
∗-homomorphism.
Proposition 2.2. Let h :A→ B be a mapping. If h satisfies h(0) = 0, h(uv) = h(u)h(v),
and Aµh(x1, . . . , xn) = 0 for all u,v ∈ U(A), all µ ∈ T1, and all x1, . . . , xn ∈ A, then
h :A→ B is a homomorphism. If, in addition, h(u∗) = h(u)∗ for all u ∈ U(A), then h is a
∗-homomorphism.
Proof. Putting µ = 1 in Aµh(x1, . . . , xn) = 0, we know that a mapping h :A→ B is ad-
ditive by applying Trif’s result in [10, Theorem 2.1].
Putting x1 = · · · = xn = x in Aµh(x1, . . . , xn) = 0, we obtain h(µx) = µh(x) for all
µ ∈ T1 and by Lemma 2.1 we conclude that the additive mapping h is C-linear.
Since h satisfies h(uv) = h(u)h(v) for all u,v ∈ U(A), for any x, y ∈ A with x =∑m
i=1 λiui and y =
∑n
j=1 ξj vj for λi, ξj ∈ C and ui, vj ∈ U(A), we have
h(xy) =
m∑
i=1
n∑
j=1
λiξj h(ui)h(vj ) = h
(
m∑
i=1
λiui
)
h
(
n∑
j=1
ξj vj
)
= h(x)h(y),
which implies that h is a homomorphism. If, in addition, the C-linear map h satisfies
h(u∗) = h(u)∗ for all u ∈ U(A), we have
h(x∗) =
m∑
i=1
λih(u
∗
i ) =
m∑
i=1
λih(ui)
∗ =
(
m∑
i=1
λih(ui)
)∗
= h(x)∗
for all x = ∑mi=1 λiui ∈A for λi ∈ C and ui ∈ U(A). Consequently, h is a ∗-homomor-
phism. 
Next, we consider an approximately linear mapping h from a unital C∗-algebra A with
unit e to a unital C∗-algebra B such that limj→∞ qjh(q−j e) is invertible.
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h(x)h(q−ju) for all x ∈A, all u ∈ U(A), and all sufficiently large integers j . If there exists
a function ϕ :An → [0,∞) satisfying
(i) φ(x1, . . . , xn) :=
∞∑
j=0
qjϕ
(
q−j x1, . . . , q−j xn
)
< ∞,
(ii)
∥∥Aµh(x1, . . . , xn)∥∥ ϕ(x1, . . . , xn)
for all µ ∈ T1 and all x1, . . . , xn ∈A, then h is a homomorphism. If, in addition, ϕ satisfies
(iii)
∥∥h(q−ju∗)− h(q−ju)∗∥∥ ϕ(q−ju, . . . , q−ju︸ ︷︷ ︸
n times
)
for all u ∈ U(A) and all sufficiently large integers j , then h is a ∗-homomorphism.
Proof. Putting µ = 1 in (ii), it follows from Theorem B that there exists a unique additive
mapping T :A→ B defined by
T (x) := lim
j→∞ q
jh
(
q−j x
)
for all x ∈A. Letting x1 = · · · = xn = x in (ii), we get∥∥∥∥n
(
n − 2
k − 2
)[
h(µx) − µh(x)]∥∥∥∥ ϕ(x, . . . , x︸ ︷︷ ︸
n times
)
for all µ ∈ T1 and all x ∈A. Replacing x in the above inequality by q−jx and then multi-
plying both sides by qj , we get
qj
∥∥∥∥n
(
n − 2
k − 2
)[
h
(
µq−jx
)− µh(q−j x)]∥∥∥∥ qjϕ(q−j x, . . . , q−jx︸ ︷︷ ︸
n times
)
and so from (i) we have
lim
j→∞ q
j
∥∥h(µq−j x)− µh(q−j x)∥∥= 0
for all µ ∈ T1 and all x ∈A. Thus, we conclude
T (µx) = lim
j→∞q
jh
(
q−jµx
)= lim
j→∞ q
jµh
(
q−jx
)= µT (x)
for all µ ∈ T1 and all x ∈A and by Lemma 2.1, the mapping T is C-linear.
On the other hand, since h(q−j xu) = h(x)h(q−ju) for all x ∈A, all u ∈ U(A), and all
sufficiently large integers j , we have
T (xu) = lim
j→∞ q
jh
(
q−j xu
)= h(x) lim
j→∞q
jh
(
q−ju
)= h(x)T (u)
and so by the C-linearity of T we have
T (xu) = qjT (q−j xu)= qjh(q−j x)T (u).
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T (xu) = T (x)T (u)
for all x ∈A and all u ∈ U(A) and so
T (xy) =
m∑
j=1
ξjT (xvj ) =
m∑
j=1
ξj T (x)T (vj ) = T (x)T
(
m∑
j=1
ξj vj
)
= T (x)T (y)
for all x, y ∈A with y =∑mj=1 ξj vj for ξj ∈ C and vj ∈ U(A), which implies that T is a
homomorphism. Moreover, since e is a unitary element in A, from the above equalities we
get
h(x)T (e) = T (xe) = T (x)T (e)
for all x ∈ A. Since h is almost unital, T (e) = limj→∞ qjh(q−j e) is invertible and so
T (x) = h(x) for all x ∈A. Thus, the mapping h is also a homomorphism.
In addition, by (i) and (iii) we get limj→∞ qjh(q−ju∗) = limj→∞ qjh(q−ju)∗ and so
T (u∗) = T (u)∗ for all u ∈ U(A). By the same reasoning as in the proof of Proposition 2.2,
we have T (x∗) = T (x)∗ and so h(x∗) = h(x)∗ for all x ∈A, as claimed. 
For a mapping h :A→ B, if h(tx) is continuous in t ∈ R for each fixed x ∈A, then the
condition on µ in Theorem 2.3 can be reduced as the following corollary.
Corollary 2.4. Let h :A→ B be an almost unital mapping such that h(0) = 0, h(q−j xu) =
h(x)h(q−ju) for all x ∈A, all u ∈ U(A), and all sufficiently large integers j . If there exists
a function ϕ :An → [0,∞) satisfying (i), (iii), and∥∥Aµh(x1, . . . , xn)∥∥ ϕ(x1, . . . , xn)
for µ = 1, i and all x1, . . . , xn ∈ A and if, in addition, h(tx) is continuous in t ∈ R for
each fixed x ∈A, then h is a ∗-homomorphism.
Proof. Putting µ = 1 in the above inequality, by Theorem B there exists a unique additive
mapping T :A→ B defined by T (x) := limj→∞ qjh(q−j x) for all x ∈A. By proceeding
like in the proof of Theorem in [8], the additive mapping T :A→ B is R-linear.
Putting µ = i in the above inequality, by the same method as in the proof of Theo-
rem 2.3, we obtain T (ix) = iT (x) for all x ∈A and so T is a C-linear mapping. The rest
of the proof is the same as in the corresponding part of the proof of Theorem 2.3. 
Recently, J. Hou and C. Park [4] proved the Cauchy–Rassias stability of the Trif func-
tional equation associated with ∗-homomorphisms between unital C∗-algebras for the case
p ∈ [0,1) such as Theorem A. So, it is natural to expect that for the case p > 1 such as
Theorem A and so as we obtain the following application of Theorem 2.3.
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h(x)h(q−ju) for all x ∈A, all u ∈ U(A), and all sufficiently large integers j . If there exist
constants θ  0 and p ∈ (1,∞) satisfying
∥∥Aµh(x1, . . . , xn)∥∥ θ
(
n∑
l=1
‖xl‖p
)
,
∥∥h(q−ju∗)− h(q−ju)∗∥∥ θnq−jp
for all µ ∈ T1, all u ∈ U(A), all x1, . . . , xn ∈A, and all sufficiently large integers j , then
h is a ∗-homomorphism.
Proof. If we let ϕ :An → [0,∞) be ϕ(x1, . . . , xn) := θ(∑nl=1 ‖xl‖p), then the facts of
p ∈ (1,∞) and q > 1 guarantee that ϕ satisfies (i). Moreover, we get
ϕ
(
q−ju, . . . , q−ju︸ ︷︷ ︸
n times
)= θ
(
n∑
l=1
∥∥q−ju∥∥p
)
= θnq−jp,
ϕ satisfies (iii) and we conclude that h is a ∗-homomorphism by Theorem 2.3. 
In what follows, we let A be a unital C∗-algebra with real rank zero [1]. Notice that for
a unital C∗-algebraAwith real rank zero, the set of all invertible self-adjoint elements inA
is dense in the set of all self-adjoint elements in A. For convenience, we let I1(Asa) :=
{v ∈A | v = v∗, ‖v‖ = 1, v is invertible} and then we remark that since A has real rank
zero, I1(Asa) is dense in the set {x ∈Asa | ‖x‖ = 1}.
Here, we investigate approximately linear continuous mappings h from a unital C∗-
algebra A with real rank zero to a unital C∗-algebra B and give conditions in order for h
to be a ∗-homomorphism. First, we give a lemma for our proof.
Lemma 2.6. If a continuous C-linear mapping T :A→ B satisfies T (xv) = T (x)T (v) for
all x ∈A and all v ∈ I1(Asa), then T (xy) = T (x)T (y) holds for all x, y ∈A.
Proof. For each w ∈ Asa with ‖w‖ = 1, since I1(Asa) is dense in the set {x ∈ Asa |
‖x‖ = 1}, there is a sequence {wj } in I1(Asa) which converges to w. Since a mapping T
is continuous, we have
T (xw) = T
(
lim
j→∞xwj
)
= lim
j→∞T (xwj) = limj→∞T (x)T (wj ) = T (x)T (w)
for all x ∈A and all w ∈Asa with ‖w‖ = 1.
Thus, for all x ∈A and any nonzero self-adjoint element z in A, we have
T (xz) = T
(
x · ‖z‖ z‖z‖
)
= ‖z‖T (x)T
(
z
‖z‖
)
= T (x)T (z).
Moreover, since T (0) = 0 and it is well known that for any y ∈ A is the form of y =
y1 + iy2 for two self-adjoint elements y1, y2 ∈A, we obtain
T (xy) = T (xy1) + iT (xy2) = T (x)T (y1) + iT (x)T (y2) = T (x)T (y)
for all x, y ∈A, as desired. 
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h(q−j xu) = h(x)h(q−ju) for all x ∈ A, all u ∈ I1(Asa), and all sufficiently large inte-
gers j . If there exists a function ϕ :An → [0,∞) satisfying (i)–(iii), then h is a ∗-homo-
morphism.
Proof. By the same reasoning as in the proof of Theorem 2.3, there exists a unique
C-linear mapping T :A→ B satisfying T (x∗) = T (x)∗ for all x ∈A.
Since h(q−j xu) = h(x)h(q−ju) holds for all x ∈ A, all u ∈ I1(Asa), and all suffi-
ciently large integers j , by the same reasoning as in the corresponding part of the proof
of Theorem 2.3, we get T (xu) = h(x)T (u) and T (xu) = T (x)T (u) for all x ∈A and all
u ∈ I1(Asa). Thus, the facts that e ∈ I1(Asa) and limj→∞ qjh(q−j e) = T (e) is invert-
ible imply T (x) = h(x) for all x ∈A and we know that T is also continuous. In addition,
since T (xu) = T (x)T (u) for all x ∈ A and all u ∈ I1(Asa), by Lemma 2.6 we obtain
T (xy)= T (x)T (y) for all x, y ∈A, which completes the proof. 
In the following corollary, we also reduce the condition on µ in Theorem 2.7 similar to
that in Corollary 2.4.
Corollary 2.8. Let h :A→ B be an almost unital continuous mapping such that h(0) = 0
and h(q−j xu) = h(x)h(q−ju) for all x ∈ A, all u ∈ I1(Asa), and all sufficiently large
integers j . If there exists a function ϕ :An → [0,∞) satisfying (i), (iii), and∥∥Aµh(x1, . . . , xn)∥∥ ϕ(x1, . . . , xn)
for µ = 1, i and all x1, . . . , xn ∈A, then h is a ∗-homomorphism.
Proof. By the same reasoning as in the proof of Corollary 2.4, there exists a unique
C-linear mapping T :A→ B. The rest of the proof is the same as in the proofs of The-
orems 2.3 and 2.7. We omit the details. 
Before closing this section, we establish the Cauchy–Rassias stability of the Trif func-
tional equation associated with ∗-homomorphisms from a unital C∗-algebra A with real
rank zero to a unital C∗-algebra B for the case p > 1 such as Theorem A by applying
Theorem 2.7. We omit the proof of it because it is similar to that of Corollary 2.5 when we
define ϕ(x1, . . . , xn) := θ(∑nl=1 ‖xl‖p).
Corollary 2.9. Let h :A→ B be an almost unital continuous mapping such that h(0) = 0,
h(q−j xu) = h(x)h(q−ju) for all x ∈ A, all u ∈ I1(Asa), and all sufficiently large inte-
gers j . If there exist constants θ  0 and p ∈ (1,∞) satisfying
∥∥Aµh(x1, . . . , xn)∥∥ θ
(
n∑
l=1
‖xl‖p
)
,
∥∥h(q−ju∗)− h(q−ju)∗∥∥ θnq−jp
for all µ ∈ T1, all u ∈ I1(Asa), all x1, . . . , xn ∈ A, and all sufficiently large integers j ,
then h is a ∗-homomorphism.
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In this section, we study the Cauchy–Rassias stability of the Trif functional equation
associated with ∗-homomorphisms between unital C∗-algebras.
For a given mapping h from a unital C∗-algebraA to a unital C∗-algebra B and for any
µ ∈ T1, we let Mµh be the following:
Mµh(x1, . . . , xn, z,w) := n
(
n − 2
k − 2
)
h
(
µx1 + · · · + µxn
n
+ zw
n
(
n−2
k−2
))
+
(
n − 2
k − 1
) n∑
l=1
µh(xl)
− k
∑
1l1<···<lkn
µh
(
xl1 + · · · + xlk
k
)
− h(z)h(w)
for all x1, . . . , xn, z,w ∈A. Here, we recall that q := k(n − 1)/(n − k), r := −1/(n− 1)
for given integers k, n with 2 k  n − 1.
We had better remark that the definition of φ in the following theorem is different from
that of φ in (i) of Theorem 2.3. Therefore, we can expect that the Cauchy–Rassias stability
of the Trif functional equation in C∗-algebras such as Theorem A for the case p > 1 in
Corollary 2.5 must be changed by for the case p > 2.
Theorem 3.1. Let h :A → B be a mapping with h(0) = 0. If there exists a function
ϕ :An+2 → [0,∞) satisfying
(iv) φ(x1, . . . , xn, z,w) :=
∞∑
j=0
q2jϕ
(
q−j x1, . . . , q−j xn, q−j z, q−jw
)
< ∞,
(v)
∥∥Mµh(x1, . . . , xn, z,w)∥∥ ϕ(x1, . . . , xn, z,w),
(vi)
∥∥h(q−ju∗)− h(q−ju)∗∥∥ ϕ(q−ju, . . . , q−ju︸ ︷︷ ︸
n times
,0,0
)
for all µ ∈ T1, all u ∈ U(A), all x1, . . . , xn, z,w ∈A, and all sufficiently large integers j ,
then there exists a unique ∗-homomorphism T :A→ B satisfying∥∥h(x) − T (x)∥∥ 1(
n−2
k−1
)φ(x, rx, . . . , rx︸ ︷︷ ︸
n−1 times
,0,0) for all x ∈A. (†)
Proof. Putting z = w = 0 and µ = 1 in (v), by the same reasoning as in the proof of The-
orem 2.3 and by Theorem B, there exists a unique C-linear mapping T :A→ B satisfying
the inequality (†). Moreover, the C-linear mapping T is given by
T (x) := lim
j→∞ q
jh
(
q−j x
)
for all x ∈A and from (iv) and (vi) we get T (x∗) = T (x)∗ for all x ∈A.
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(
n − 2
k − 2
)
h
(
zw
n
(
n−2
k−2
))− h(z)h(w)∥∥∥∥ ϕ(0, . . . ,0︸ ︷︷ ︸
n times
, z,w)
for all z,w ∈A. Replacing z and w in the above inequality by q−j z and q−jw, respec-
tively, and then multiplying both sides by q2j , we get
q2j
∥∥∥∥n
(
n − 2
k − 2
)
h
(
1
n
(
n−2
k−2
)q−j z · q−jw)− h(q−j z)h(q−jw)∥∥∥∥
 q2jϕ
(
0, . . . ,0︸ ︷︷ ︸
n times
, q−j z, q−jw
)
for all z,w ∈A. Since T (x) = limj→∞ qjh(q−j x) = limj→∞ q2jh(q−2jx) for all x ∈A,
from (iv) and the above inequality we get
T (zw) = n
(
n − 2
k − 2
)
T
(
zw
n
(
n−2
k−2
))= lim
j→∞q
2jn
(
n − 2
k − 2
)
h
(
1
n
(
n−2
k−2
)q−2j zw)
= lim
j→∞q
2jn
(
n − 2
k − 2
)
h
(
1
n
(
n−2
k−2
)q−j z · q−jw)
= lim
j→∞q
jh
(
q−j z
) · qjh(q−jw)
= T (z)T (w)
for all z,w ∈A. Hence, T is a ∗-homomorphism satisfying the inequality (†). 
In the following corollary, we reduce the condition on µ in Theorem 3.1 when h(tx) is
continuous in t ∈ R for each fixed x ∈A.
Corollary 3.2. Let h :A → B be a mapping with h(0) = 0. If there exists a function
ϕ :An+2 → [0,∞) satisfying (iv), (vi), and∥∥Mµh(x1, . . . , xn, z,w)∥∥ ϕ(x1, . . . , xn, z,w)
for µ = 1, i and all x1, . . . , xn, z,w ∈A and if, in addition, h(tx) is continuous in t ∈ R
for each fixed x ∈A, then there exists a unique ∗-homomorphism T :A→ B satisfying the
inequality (†).
Proof. By the same reasoning as in the proof of Corollary 2.4 and by Theorem B, there
exists a unique C-linear mapping T :A→ B satisfying the inequality (†). The rest of the
proof is the same as the proofs of Theorems 2.3 and 3.1. 
As an application of Theorem 3.1, we consider the following Cauchy–Rassias sta-
bility of the Trif functional equation associated with ∗-homomorphisms between unital
C∗-algebras such as Theorem A, especially for the case p > 2.
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and p ∈ (2,∞) satisfying
∥∥Mµh(x1, . . . , xn, z,w)∥∥ θ
(
n∑
l=1
‖xl‖p + ‖z‖p + ‖w‖p
)
,
∥∥h(q−ju∗)− h(q−ju)∗∥∥ θnq−jp
for all µ ∈ T1, all x1, . . . , xn, z,w ∈A, all u ∈ U(A), and all sufficiently large integers j ,
then there exists a unique ∗-homomorphism T :A→ B such that∥∥h(x) − T (x)∥∥ θ 1 + (n − 1)1−p(
n−2
k−1
)
(1 − q2−p)‖x‖
p for all x ∈A.
Proof. If we define ϕ(x1, . . . , xn, z,w) := θ(∑nl=1 ‖xl‖p + ‖z‖p + ‖w‖p), then ϕ satis-
fies (iv). Thanks to Theorem 3.1, it is proved. 
4. The Cauchy–Rassias stability and ∗-derivations
In this section, we investigate the Cauchy–Rassias stability of the Trif function equation
associated with ∗-derivations of a unital C∗-algebra. Recall that for a unital C∗-algebraA,
a derivation of A is a C-linear mapping δ :A→A such that δ(xy) = xδ(y)+ δ(x)y for all
x, y ∈A. A derivation δ :A→A is called a ∗-derivation if δ(x∗) = δ(x)∗ for all x ∈A.
For a mapping h :A→A and for any µ ∈ T1, we let Dµh be the following:
Dµh(x1, . . . , xn, z,w) := n
(
n − 2
k − 2
)
h
(
µx1 + · · · + µxn
n
+ zw
n
(
n−2
k−2
))
+
(
n − 2
k − 1
) n∑
l=1
µh(xl)
− k
∑
1l1<···<lkn
µh
(
xl1 + · · · + xlk
k
)
− zh(w) − h(z)w
for all x1, . . . , xn, z,w ∈ A. Here, we also recall that q := k(n − 1)/(n − k), r :=
−1/(n − 1) for given integers k, n with 2 k  n − 1.
Theorem 4.1. Let h :A → A be a mapping with h(0) = 0. If there exists a function
ϕ :An+2 → [0,∞) satisfying (iv), (vi), and
(vii)
∥∥Dµh(x1, . . . , xn, z,w)∥∥ ϕ(x1, . . . , xn, z,w)
for all µ ∈ T1 and all x1, . . . , xn, z,w ∈A, then there exists a unique ∗-derivation δ :A→
A satisfying∥∥h(x) − δ(x)∥∥ 1(
n−2
k−1
)φ(x, rx, . . . , rx︸ ︷︷ ︸
n−1 times
,0,0) for all x ∈A. (‡)
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the proof of Theorem 2.3, there exists a unique C-linear mapping δ :A→A satisfying the
inequality (‡). Moreover, the C-linear mapping δ is given by
δ(x) := lim
j→∞q
jh
(
q−jx
)
for all x ∈A. Letting x1 = · · · = xn = 0 in (vii), we get∥∥∥∥n
(
n − 2
k − 2
)
h
(
zw
n
(
n−2
k−2
))− zh(w) − h(z)w∥∥∥∥ ϕ(0, . . . ,0︸ ︷︷ ︸
n times
, z,w)
for all z,w ∈A and so
q2j
∥∥∥∥n
(
n − 2
k − 2
)
h
(
1
n
(
n−2
k−2
)q−j z · q−jw)− q−j zh(q−jw) − h(q−j z)q−jw∥∥∥∥
 q2jϕ
(
0, . . . ,0︸ ︷︷ ︸
n times
, q−j z, q−jw
)
for all z,w ∈A. Since δ(x) = limj→∞ qjh(q−j x) = limj→∞ q2jh(q−2jx) for all x ∈A,
from (iv) and the above inequality, we get
δ(zw) = n
(
n − 2
k − 2
)
δ
(
zw
n
(
n−2
k−2
))= lim
j→∞q
2jn
(
n − 2
k − 2
)
h
(
1
n
(
n−2
k−2
)q−2j zw)
= lim
j→∞q
2jn
(
n − 2
k − 2
)
h
(
1
n
(
n−2
k−2
)q−j z · q−jw)
= lim
j→∞
[
qjq−j z · qjh(q−jw)+ qjh(q−j z) · qjq−jw]
= zδ(w) + δ(z)w
for all z,w ∈ A, which implies that δ is a derivation of A. On the other hand, note that
from (iv) and (vi) we get δ(x∗) = δ(x)∗ for all x ∈ A, which implies that δ is a unique
∗-derivation satisfying the inequality (‡), as claimed. 
The following corollary shows that the condition on µ in Theorem 4.1 can be reduced
when h(tx) is continuous in t ∈ R for each fixed x ∈A.
Corollary 4.2. Let h :A → A be a mapping with h(0) = 0. If there exists a function
ϕ :An+2 → [0,∞) satisfying (iv), (vi), and∥∥Dµh(x1, . . . , xn, z,w)∥∥ ϕ(x1, . . . , xn, z,w)
for µ = 1, i and all x1, . . . , xn, z,w ∈A and if, in addition, h(tx) is continuous in t ∈ R
for each fixed x ∈ A, then there exists a unique ∗-derivation δ :A → A satisfying the
inequality (‡).
Proof. By the same reasoning as the proofs of Corollary 2.4 and Theorem B, there exists
a unique C-linear mapping δ :A→A satisfying the inequality (‡). The rest of the proof is
the same as in the proof of Theorems 2.3 and 4.1. 
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of the Trif functional equation associated with ∗-derivations of an unital C∗-algebra such as
Theorem A for the case p > 2. Since the proof of it is similar to that of Corollary 2.5 when
we define ϕ(x1, . . . , xn, z,w) := θ(∑nl=1 ‖xl‖p + ‖z‖p + ‖w‖p) and apply Theorem 4.1,
we omit the proof.
Corollary 4.3. Let h :A→A be a mapping with h(0) = 0. If there exist constants θ  0
and p ∈ (2,∞) such that
∥∥Dµh(x1, . . . , xn, z,w)∥∥ θ
(
n∑
l=1
‖xl‖p + ‖z‖p + ‖w‖p
)
,
∥∥h(q−ju∗)− h(q−ju)∗∥∥ θnq−jp
for all µ ∈ T1, all x1, . . . , xn, z,w ∈A, all u ∈ U(A), and all sufficiently large integers j ,
then there exists a unique ∗-derivation δ :A→A such that
∥∥h(x) − δ(x)∥∥ θ 1 + (n − 1)1−p(
n−2
k−1
)
(1 − q2−p)‖x‖
p for all x ∈A.
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